Opinion dynamics, aiming to understand the evolution of collective behavior through various interaction mechanisms of opinions, represents one of the most challenges in natural and social science. To elucidate this issue clearly, binary opinion model becomes a useful framework, where agents can take an independent opinion.
I. INTRODUCTION
In realistic life, there are large amount of opinion interactions on many issues of interest among social individuals. To understand the evolution and formation of opinions, opinion dynamics has provided a useful framework in theoretical and experimental research areas [1] , [2] . Generally speaking, the opinion can be divided in two types: continuous opinion and discrete opinion, both of which have been extensively investigated and further extended to more scenarios, such as DeGroot model [3] , discrete CODA model [4] , Hegselmann-Krause model [5] , generalized Glauber models [6] , and so on [7] - [13] . While among the existing achievements, binary opinion, as one typical case of discrete fashion, has attracted particular attention due to its simplicity like yes/no, agree/disaggre, accept/reject. In this sense, binary opinion model becomes a straightforward metaphor to help us understand the evolution of opinions [14] .
During the past decades, the research of binary opinion has gained growing interest, both analytically and numerically. For example, from the viewpoint of statistical physics, Sznajd model [15] could be regarded as a preferential version to inspect the opinion formation by borrowing the framework of Ising model. Baker and Hague [16] extended the Sznajd model to continuous and multi-state discrete opinions. In [17] , the authors used the size of neighboring domains to quantify the social pressure, and further proposed a one-dimensional model of binary opinion. Guo et al. [18] , [19] investigated the evolution of binary opinion on networks, where the heterogeneity of opinion interaction and randomness of human decision were considered [20] . In [21] , the influence of noise was incorporated into the binary opinion dynamics. Biswas et al. [22] proposed a weighted influence model (WI model). As a standard framework to study how cooperation emerges, evolutionary game theory (EGT) [23] - [25] has also been utilized to explore the evolution and formation of opinion in some studies recently [26] - [28] .
Besides, the evolutionary mechanism is crucial in the evolution of opinion. In EGT, replicator equation (RE) [29] - [31] provides a rule to simulate the evolution of strategies in populations. Mathematically, it is equivalent to the Lotka -Volterra equations of ecology [31] , [32] , which describes the dynamics of species in an interacting biological system. The RE is very appropriate to act as the role of evolutionary mechanism in opinion dynamics.
On the one hand, compared with the classical game theory, the RE does not rely on any assumption of rationality, which is more close to the real situation. On the other hand, opinions have high mobility and are very easy to diffuse, which is approximatively meet the well-mixed requirement of RE. Therefore, in this paper the RE has been utilized to simulate the evolution of opinions. In the evolutionary process of opinions, each opinion is naturally regarded as a species, the spreading of opinions is analogous to the propagation of species.
Apart from the evolutionary mechanism of opinions, the interaction mechanism of opinions has also played a very important role in opinion dynamics. For example, in [26] Cao and Li employed the battle-of-the-sexes game to model the opinion formation on networks. In [29] , Ding et al. used cooperative game and minority game to describe two types of opinion interactions. Essentially, these game models belong to a family of so-called coordination game [33] . In coordination game, there are two basic interaction mechanisms. The first one is that agents can get profits by taking the same action, the second one is that agents are rewarded by taking different actions. In this paper, based on the idea of coordination game, we use two basic game models to represent the interaction between opinions. One is called BSO model in which players benefit from holding the same opinion, the other is called BDO model in which players benefit by holding different opinions. In the intuitive sense, the BSO model pays close attention on the consensus of opinions, while the BDO model encourages the diversity of opinions. In the discrete opinion dynamics, two important factors are usually considered. One is the opinion preference, the other is the existence of equivocators or centrists. For example, Ding et al. [29] considered the opinion preference in cooperative and minority games, in [34] , [35] the authors have paid much attention on centrists in the vote model. But the synthetical effect of these two factors gets less attention especially by using the framework of EGT and RE. In this paper, in terms of these two basic models, the impact of opinion preference and equivocators on the evolution of binary opinion is studied respectively and synthetically in the framework of EGT and RE. The equilibrium states of opinion evolution have been found, and the stability of each equilibrium state has also been analysed mathematically.
In the rest of this paper, the EGT and RE is introduced first. Then, we give two basic models for interaction of opinions, and present the opinion dynamics with equivocators and preference. Finally, we will summarize our conclusions.
II. BASIC OF EVOLUTIONARY GAME THEORY AND REPLICATOR EQUATION
Evolutionary game theory (EGT) [23] , [36] was initially found by John Maynard Smith to study the interaction among different players or populations located on various networks [37] - [46] . In recent years, EGT has become a paradigmatic framework to understand the emergence and evolution of cooperation among unrelated individuals [47] - [61] . The main idea of the EGT is to track the change of strategies' frequency of population during the evolutionary process. In EGT, the replicator equation (RE) [30] , [31] plays a key role to determine the evolutionary process of population, which has provided a frequency-dependent evolutionary dynamics to a well-mixed population.
Assume there exists n strategies in a well-mixed population. A game payoff matrix A = [a ij ] determines the payoff of a player with strategy i if he meets another player who carries out strategy j. The fitness of strategy i is defined by:
where x j is the relative frequency of strategy j in the population. The average fitness of all strategies is denoted as φ, which is defined by:
The relative frequency of strategy i, namely x i , is changed with time by this following differential equation:
Eq. (3) is the so-called replicator equation, which implies that the change of x i depends on the fitness of strategy i and x i . By solving dxi dt = 0, i = 1, · · · , n, the fixed points of this evolutionary system, denoted as (x * 1 , · · · , x * n ), can be found. Regarding the stability of the fixed point (x * 1 , · · · , x * n ), a theorem is usually used to verify whether the fixed point is stable or not, which is given as below.
Theorem 1: [31] Given a set of replicator equations
is stable if all eigenvalues associated with p * are negative numbers or have negative real parts.
For more details on Theorem 1, please refer to literature [31] . If the set of eigenvalues associated with p * consists of negative numbers and zero, reference [62] provides a solution to judge the stability of such fixed points.
III. COORDINATION GAME OF OPINIONS
In two players' opinion interaction, two cases may happen. The one is that these two players own the same opinion, the other is that the players hold different opinions. Regarding these two cases, a game model, called coordination game, can be used appropriately to describe this interaction between two players. In the classical coordination game, people will coordinate by taking the same action or taking different actions. In the coordination game of opinions, it could contain two basic models. This first one is that players benefit from holding the same opinion, which is called as BSO for simplicity in this paper. The second one is that players benefit by holding different opinions, which is called as BDO. These two basic models are abundant in the real world.
The BSO model is a typical pure and symmetric coordination game, such as driving coordination game in which two drivers choose the same direction to avoid collision. The payoffs in the BSO model is shown in Eq.4,
In the BSO model, players with the same opinion will be rewarded. As shown in Eq.4, if two players having the same opinion (either A or B) meet, each of them gets the payoff of one. If two players who hold different opinions meet, each gets a payoff of zero. In this paper, "strategy" is represented by "opinion", "the evolution of strategy" is represented by "the evolution of opinion". Based on the EGT and RE, we can analyze the evolutionary process of these two opinions in the BSO model. Let the relative frequency of opinions A and B be indicted by x A and x B , respectively, where
where
Further, Eq.(5) can be wrote as
namely,
By solving dxA dt = 0, the fixed points (x * A , x * B ) of this evolutionary dynamics can be obtained easily. There exists three fixed points, (0, 1), (1, 0) and (0.5, 0.5). According to Theorem 1, the stability of each fixed point is easily known. It can be found that, fixed points (0, 1), (1, 0) are stable: any perturbation deviating the population from these points will induce the dynamics that restores to these fixed points. (0.5, 0.5) is an unstable fixed point where any deviation from that point will move away from it as time increases. In order to have a better understanding to the stability of these fixed points, the phase diagram of Eq. (7) is given in Figure   1 (a). Each black circle is a stable fixed point, and each white circle is a unstable fixed point. The arrows show the evolutionary direction. As can be seen from Figure 1(a) , in the BSO model these two opinions A and B can not be coexisting determinately. The final state of the population is determined by its initial state: the final equilibrium state is opinion A if the initial frequency of opinion A is bigger than that of opinion B; otherwise, it turns to the inverse side. 
If two players with the same opinion meet, each gets a payoff of zero; If they hold different opinions, each gets a payoff of one. Similarly, in terms of the replicator equation, the relative frequency of opinion A, x A , is changed as time increases
For Eq. (9), there are also three fixed points, as shown in Figure 1 is stable. These two opinions A and B are equally supported and can coexist in the BDO model.
In the above given BSO and BDO models, two opinions A and B are treated indiscriminately, the preference for opinion is not taken into consideration. However, in the real world the opinion preference is extensively existent, which is motivated by social prestige, media pressure, and so on. An opinion may be preferred because of accelerating the formation of consensus opinion or inducing the evolutionary direction of opinion dynamics.
Formally, the preference for opinion can be reflected on the payoffs. Eq. (10) It supposes that an extra profit of δ will be assigned to opinion A whether it interacts with A or B. In this paper, we assume 0 < δ < 1. In terms of the RE, the evolutionary formula of x A is defined by
whose phase diagram is shown in Figure 2 (a). It still contains two stable fixed points of (0, 1) and (1, 0), and an unstable fixed point ( 
where 0 < δ < 1. In this case, the evolutionary equation of relative frequency of opinion A is defined by
According to the corresponding phase diagram as shown in Figure 2 (b), the population eventually evolves to the coexisting state of opinions A and B, namely ( ). In such stable state of population, the proportion of opinion A is bigger than that of opinion B since opinion A is preferred.
IV. OPINION DYNAMICS WITH EQUIVOCATORS AND PREFERENCE
In the above section, we studied the situation that the opinion of each individual is definitely deterministic, either A or B. However, in realistic observations there are lots of equivocators or hedgers whose opinions are indeterminate or ambiguous. The centrist in the vote is a typical example [34] , [35] : in the unknown circumstance individuals will not readily state their positions since they expect to avoid risk. The risk aversion leads to the existence and propagation of equivocators. In the section, apart from the opinion preference, equivocators are also taken into consideration in the evolution of binary opinion.
A. Definition of equivocators
First, we use a simple model to define the equivocators. Let the distance between two opinions A and B is 1, which implies the similarity of A and B is
where D(A, B) and S(A, B) denote the difference and similarity between both opinions.
In Eq. (14), the terms satisfy the symmetry so that S(A, B) = S(B, A). If there is an equivocator, indicated by E, who has a distance of 1 − r away from opinion A and r away from opinion B, where 0 < r < 1, the similarity between E and each binary opinion can be given by
As a result, an equivocator E is defined through these two measures S(E, A) and S(E, B).
B. Case of the BSO model
Let us firstly consider the BSO model with equivocators, namely, BSOE model. As above stated, the BSO model rewards the individuals with the same opinion. As an index to measure the similarity between two opinions P and Q, the S(P, Q) is naturally appropriate to represent the obtained payoff in the interaction between P and Q. Eq. (17) shows the payoffs in the BSOE model, which is a natural extension of Eq.(4),
where 0 < r < 1. Then, the RE is used to investigate the evolution of these opinions. Assume the relative frequency of these opinions is indicated by x A , x B , x E (x A + x B + x E = 1), respectively. In terms of the RE, the evolutionary formula is given by
where The payoff values in such model are given in Eq.(19),
where r, δ ∈ (0, 1), which shows an extra profit δ will be assigned to opinion A no matter which opinion interacts with it. Based on the RE, we can also simulate the evolutionary process of BSOEP A model in the same way. All fixed points of the evolutionary dynamics of BSOEP A model are listed in Table II , as well as their associated eigenvalues, existence and stability. Figure 4 graphically shows these fixed points, in which red dashed lines mean the associated fixed points are moving with the change of parameters r and δ. Overall, the preference for opinion A increases the opportunity that A becomes the final and only opinion. As shown in Figure 4 (a), there are 7 fixed points in the evolutionary dynamics of BSOEP A model if δ < 1 − r. And the positions of some unstable fixed points change with parameters r and δ. In this situation, p 
, 0,
, −r, The locations of fixed points p * 5 , p * 6 , p * 7 change with parameters r and δ, the red dashed lines represent their possible moving trajectory.
C. Case of the BDO model
In this subsection, we will study the BDO model with the preference and equivocators. Similar to the above subsection, the BDO model with equivocators, abbreviated as BDOE model, is considered first. Eq. (20) shows the payoffs in the BDOE model,
where parameter r, 0 < r < 1, represents the distance between opinion E and opinion B. an extra profit of δ when it interacts with any other opinions, as shown in Eq.(21),
where r, δ ∈ (0, 1). The evolutionary dynamics of BDOEP A model can be established based on the replicator The locations of fixed points p * 5 and p * 6 are changes with parameters r and δ, the red dashed lines represent their possible moving trajectory.
equation . Table IV gives all of the fixed points in the evolutionary dynamics of BDOEP A model, and Figure 6 graphically shows these fixed points and their stability. As can be found in Table IV , there are six fixed points if δ < 1 − r (see Figure 6 (a)); otherwise five fixed points (see Figure 6 (b)). In every case, p * 5 is the only stable fixed point, which is an coexistence state of opinions A and B. In the final stable state of BDOEP A model, the fraction of opinions A and B is 1+δ 2 and 1−δ 2 , which is the same with the result of BDO model with opinion A as the preferred one. A preference of δ for opinion A causes an increase of δ 2 to the fraction of opinion A in the population. In addition, according to the results, it can be concluded again that a deterministic opinion is more advantageous than an indeterminate opinion in the circumstance that the diversity of opinions is encouraged.
V. CONCLUSION
This paper has studied the effects of preference and equivocators on binary opinion dynamics based on EGT.
Depending on the advantage of capturing the essence of natural selection, the RE is used to act as the role of evolutionary mechanism in the evolution of opinion. Two basic models, BSO and BDO, have been given to describe the interaction of opinions. Based on these two basic models, the impact of opinion preference and equivocators on the evolution of binary opinion is studied respectively and synthetically by using EGT and RE.
All equilibrium states and their stability in the binary opinion dynamics have been presented theoretically and mathematically. This work provides a straightforward solution to the binary opinion dynamics.
First, from the simple binary opinion model where preference and equivocators are absent, we show that opinions converges to only one in the BSO model while two opinions can coexist in the BDO model. Then, preference is incorporated and the results show that the factor does not change the existence of equilibrium points and just changes the acceleration and position to the fixed point. Next, equivocators are considered. We find that the opinions converge to only one in the BSOE model and deterministic opinions can coexist (and indeterminate opinion is eliminated) in the BDOE model. Finally, we incorporates preference to the models with equivocators, the opinion dynamics show very interesting results. In this paper, for the simplicity of models, we just consider one level either for preference of opinions or for equivocators, but do not consider the diversity of preference and equivocators. In the future research, the models will be expanded to more realistic and complicated situation.
